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Abstract—A design study of coil antennas aimed to be used as
Interrogators in high-frequency (HF) radio frequency identification (RFID) is presented. The magnetic field (H-field) of the coil
is enhanced by defining optimally the number of turns of the antenna, and optimizing and exploiting the internal area of an initial
coil. The distributed turns coil antennas are designed for highest
possible H-field without compromising the Q-factor of the antenna
with respect to an initial design. To achieve best solution, a non-uniformly distributed turns design is proposed and whose radiating elements are formulated accordingly. The analytical and simulated
results show reasonable agreement to validate the designs. The enhanced H-field of the antenna shows an unconstrained Q-factor,
indicates a potential rise to the interrogating coverage and as a result a higher efficient antenna.
Index Terms—Coupling coefficient, H-field, inductance, magnetically coupled coils, quality factor, radio frequency.

I. INTRODUCTION

T

HE need for automation and advanced technology in
applications like tracking, packaging, transportation,
and sensing has attracted the interest in using emerging radio
frequency identification (RFID) technology. In RFID, radiated
power is propagated and the information that is contained in
the propagated envelope communicated wirelessly between
a interrogator (sometimes called reader) and a transponder
(Tag). The two way communication and information transfer
is feasible only when both devices (Interrogator and Passive
Tag) are tuned to a common shared frequency of operation.
The choice of this operating frequency depends on several
factors, e.g., application, propagation range, device dimension, and the surroundings. As far as the range is concerned,
from the basics of antenna theory [1] we know that the field
around an antenna can be divided in two regions: 1) near-field
reactive (dominantly magnetic field (H-field)) and 2) far-field
radiation (electromagnetic (EM) waves). The near-field RFID
systems employ inductive coupling between the Tag and the
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Interrogator [2]. The power is induced in the Tag antenna by
a reactive H-field oscillating near to the Interrogator antenna.
The far-field RFID systems uses the real power of propagating
EM waves for coupling the two devices [3]. The near-field
RFID systems typically operate in the low frequency (LF) and
high frequency (HF) bands. The prototype antennas at these
frequencies are commonly electrically small (compared to
wavelength) and have very low radiation resistance suitable
for near-field reactive energy. In contrast, the far-field RFID
systems operate at higher frequency e.g., ultra high frequency
(UHF) and millimeter wave bands such that enough far-field
radiation can be propagated by an antenna. The antennas operating at LF and HF are impractical for far field operations due
to the physical size limitations.
For certain applications, which demand relatively low data
, the
rate (106 kbps [4]) and a small read out distance
HF 13.56 MHz band is the preferred choice [5] because of two
main reasons. First, since this band is internationally allocated
for unlicensed use worldwide, the designed system has the possibility to perform anywhere in the world. Second, the magnetic field propagation at HF (HF-RFID) penetrates dielectric
materials with high permittivity, such as water and the ground,
better than the EM waves at UHF (UHF-RFID) in short range
applications. Hence, HF-RFID is the preferred in very dense
surroundings. In this paper, we focus on the designated central
frequency 13.56 MHz inductively coupled HF-RFID systems
using passive Tags. To accomplish a high performance operation, the HF-RFID systems need to be carefully designed.
Various studies are dedicated in the literature for RFID
system architecture and design methodology. For instance, in
[6], a RFID system architecture is presented where the transmit
and receive (Tx/Rx) modules are conveniently designed using
commercially available circuit blocks. In [7], the authors
describe the circuit design of a transceiver and related data
processing for RFID systems. In [8], the HF-RFID reader is
developed using silicon phosphate (SiP) technology, and the
authors in [9], analyze the HF-RFID and propose a system
compatible with multiple standards. The contributions above
[6]–[9] focus on the RFID module design, but do not consider
the optimization of the antenna as an important notion to
enhance the performance of the HF-RFID system. Since the
radiated power and data transfer between the Interrogator and
the Tag is materialized using antennas, the optimization of
antennas is crucial to achieve best system performance and
therefore a higher read range.
For low-cost RFID systems, coil antennas are widely used
for both the Interrogator and the Tag [2], [10]–[13]. Because of
the near-field mutual inductance at HF, both antenna coils act
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as a loosely (roughly) magnetically coupled transformer, where
energy is magnetically induced and propagated from source to
destination. Therefore, unlike far-field antennas which are characterized by gain, directivity, and radiation pattern, the coil antennas in near-field are best characterized by the following parameters; the coupling coefficient
between the Interrogator
and the Tag coils, H-field
at the receiving Tag coil, inductance of the coils, and unloaded quality factor of the antenna. In other words, the antenna coils are designed accordingly and with the following parameters optimized: the geometry and dimension (in radius) of the coils, the section of the wire
(in radius), and the number of turns [14]. In the literature, a set
of studies is dedicated to the design of RFID Tags for the read
range increase [11]–[13] and antenna size reduction [15]–[17].
The Tag is designed for a low-cost, low profile, and electrically
small solution [11]. In these designs, the Tag antenna coils capture H-field with a sufficient power to activate the Tag chip.
Along with the Tag, the Interrogator coil should also be optimized for maximum power transfer (reactive energy).
Further work has been reported in [12], [18]–[20] where mutual coupling between the coil antennas is enhanced and the
H-field given by an Interrogator antenna studied. Since the interrogation zone of a HF-RFID system is dependent on the antennas performance, the design of an Interrogator coil antenna
for a predefined Tag is discussed in [18] and the optimum size of
the coil formulated for a fixed reading range [5]. Once the coil
antenna size is optimized, the internal area of the coil can be exploited [12] to enhance the H-field [20] For example, an increase
in the number of turns (a multi-turn coil) and spacing between
the resulting elements is an attractive approach to enhance the
H-field of the Interrogator that is at a predefined distance of a
Tag [12], [14], [20]–[22]. Yet, the H-field enhancement has been
achieved solely when the Interrogator was constant [19]; this
however is at the expense of a 25% reduction in the -factor
(increases the antenna loss and lowers its efficiency) according
to [20]. This is because, the Interrogator coil resistance increases with the number of turns, and if is constant it will
result in a lower quality, , [18], given by
(1)
This approach is termed constant- design. For highest energy
transfer, should be high to minimize loss. In [19], a multiturn coil is designed for an enhanced H-field without compromising .
In contrast, , which is inversely proportional to BW, is best
to be low for demanding high data transfer. In [23], a design
study of a RFID system is presented, which suggests that the
of an Interrogator coil antenna should be as small as possible when reliable data transfer is aimed. This observation is
followed in [18], [23], [24], where the authors proposed an Interrogator antenna coil having only one turn, single turn coil
(STC) antenna, which in fact had the minimum achievable
suitable for reliable data transmissions. In addition, the dimension of the coil was optimized for maximum H-field. Consequently, to enhance the H-field of the STC antenna with low ,
a similar approach is applied to exploit the internal area of the
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STC by adding several inward turns. Earlier, the constant- approach seemed inappropriate for H-field enhancement due to the
detuning of a targeted value. Although, the H-field enhancement approach presented in [19] for unconstrained seems appropriate, later it will be unfortunately seen as an impractical
solution. Therefore, an optimized design with enhanced H-field
and comparable performance to that of a STC antenna is necessary to investigate. In this paper, the aim is to optimally design a new antenna coil prototype for an improved transmission
link-budget in HF-RFID systems.
To enhance the H-field of the Interrogator, the internal area
of the coil antenna is parametrically studied to find optimal turn
radii of the coil. For the approach, we assumed an initial design
(optimal STC antenna according to [18], [23]) with a Q equal to
that of a final proposed design Distributed-Turns Coil antenna
(DTC), all presented in Fig. 2. The initial STC is depicted in
Fig. 2(a) and has an optimal outer radius as proposed in [18].
In our study, we optimally design a DTC antenna which has
an identical (or very close) as the STC antenna but achieves
a significantly enhanced H-field. A possible solution is a uniformly distributed-turns coil (UDTC), [12], [19], [20] shown in
Fig. 2(b), which has an equal spacing between the adjacent
turns. We will show, however, that this approach is unattractive
for providing an optimal solution in prospective designs. We
propose instead, a novel approach that exploits the utilization of
turns in a more efficient manner; this is, by allowing the turns to
have unequal spacing between them and Fig. 2(c) shows our first
time proposed non-uniformly distributed-turns coil (NDTC) antenna design. In essence, the distributed turns of the coil, given
by
, results in an unconstrained as compared to that of the
STC, and allows for an adjusted without detuning its resonance (13.56 MHz). To maintain resonance, any variation in is
compensated by adjusting the lumped capacitance of a matching
network of the Interrogator equivalent circuit [5]. Prominent results will show an eminent NDTC antenna design with an enhanced H-Field; this is an improvement up to 116.23% and unconstrained , compared to the initial STC design.
The rest of the paper is organized as follows. Section II
models the HF-RFID system and the design of the Interrogator
and the Tag coils is presented. The distributed-turns coil designs
are described in Section II-C. Section III presents the proposed
NDTC antenna and the analytical solution for the optimal
design. The analytical and simulated results are presented in
Section IV and the paper is concluded in Section V.
II. HF-RFID SYSTEM MODELING AND DESIGN
The HF-RFID system is now modeled and designed. The
concluding inductively coupled HF-RFID equivalent circuit
model, including both, the Interrogator and the Tag is presented
in Fig. 1. The Interrogator coil antenna is represented by coil
inductance
and coil resistance
, where the latter represents the ohmic losses of the coil. The Interrogator coil antenna
is fed with a current source
having an internal resistance
. To maximize the power transfer between the source and
the Interrogator coil antenna and allow for highest resonance
at the antenna, a matching network is intercalated between the
source and the Interrogator coil antenna to match the antenna
impedance to that of the source. An L-match circuit using
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Fig. 1. Inductively coupled HF-RFID equivalent circuit model, (a) Interrogator and (b) Tag.

A. Tag Coil Antenna
In this work, we use a pre-defined Tag coil from [23]; the
equivalent circuit is presented in Fig. 1(b). In [23], maximum
was targeted and BW was key to reliable data transmissions. The Tag was designed to receive efficiently the H-field
induced by an Interrogator and made achievable by optimizing
the Tag coil area
(antenna’s physical aperture) and the total
number of turns
. Our intention is to design solely the Interrogator coil antenna and enhance its reactive H-field with respect to the pre-defined Tag.
B. Interrogator Coil Antenna
Fig. 2. Coil antennas: (a) single turn coil (STC), (b) uniformly distributed-turns
coil (UDTC), (c) non-uniformly distributed-turns coil (NDTC).

lumped capacitances
and
forms the matching network;
a simple and low-cost realization [5], [25] matches the antenna
impedance to a standard
.
Similarly, the Tag equivalent circuit is modeled and presented
in Fig. 1(b), where the inductance and resistance of the Tag coil
antenna are given by
and
, respectively. The Tag is
powered (inductively coupled) by an induced voltage,
, due
to a current flow
in the Interrogator coil antenna, Fig. 1(a).
As a matter of fact, the resulted current,
, in the Tag coil,
Fig. 1(b), backs an induced voltage in the Interrogator coil. The
influence of the Tag on the Interrogator circuit has been studied
in [26], and modeled in [23] via transformed Tag impedance
(TTI),
(a measure of the performance, not a physical
impedance the coil), and is simplified as
(2)
where
is the quality factor of the Tag and is the coupling coefficient between the Interrogator and the Tag coils.
Further rigorous study conducted in [26] demonstrated that it
is necessary to maximize
for an optimized RFID system
design. The maximum
response is achieved by maximizing
(presented in Section II-A) and
(presented
in Section II-B).

The Interrogator coil antenna is now designed. Based on [12],
[23] we will be showing how the coil design parameters are
carefully selected to achieve an optimized performance. We assume a predefined interrogating distance
(read range). Because of the near-field coupling for inductive antennas,
is
limited to
(chap. 5 of [1]) for the operating
central frequency
. In this section, the theoretical analysis of an Interrogator coil design [8], [23] is reviewed
and initially, we consider an electrically small circular coil [1]
antenna with a current at its input port. Since the coil is electrically small, the current is assumed constant throughout the
length of the wire, therefore, the H-field components that originate are in phase and positively contribute to the near-field propagation performance [18]. This initial antenna coil consists of
number of turns whose windings are concentrated in close
proximity to the outer winding (radius ). For this coil the optimum design parameters are evaluated meeting the following
criteria.
1)
, Dimension: Using the maximization of quantity,
, in (2), we subsequently show that
is equivalent
to . From [21], we know that the induced voltage,
, in a
Tag is given by
(3)
and from Faraday’s law, the following expression is known:
(4)
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where
is the free space permeability. Equating (3) with (4),
we obtain the following relation:

(5)
Observation suggests that
can be expressed solely as
when a tag is predefined (
,
,
)
.
Therefore, for a given Tag,
(2) can be simplified and be
equal to
(5) and therefore to
. Hence, the maximization of
is equivalent to the maximization of
which
according to [18] is related to
, , and and given as:
(6)
Fig. 3. Variation of

Because
is assumed constant and
is predefined,
depends solely on the geometric properties ( and
) of the
Interrogator coil antenna. Using (6) is maximized by appropriate selection of and
. The optimum
is targeted for a
maximized at a predefined , and is derived as a function of
[18] as
(for
m [26]) .
2)
, Number of Turns: Typically, the design of an Interrogator coil for a given Tag at a given
should be such that
it provides the Tag with a sufficient to activate the Tag chip
[19]; that is, a minimum required (
).
is found using
from [18]. Because and are constant,
is found in regards to
. However, a high
is limited by the Q-factor of the Interrogator antenna
which is inversely proportional to the BW of
the antenna [23], [27]; that is, as
increases,
also increases, and the BW reduces. Hence,
is chosen such that
does not rise above a desired value. For reliable data transmissions, authors in [18], [23] proposed
to achieve the
lowest
possible.
Using the immediately described criteria we introduce an optimum Interrogator coil antenna [18], [23] with
,
, corresponding inductance , resistance
, and the
restricted
. The resulted design is named an
STC antenna and shown in Fig. 2(a). To impedance match the
STC antenna to the Interrogator source,
and
, Fig. 1(a),
are chosen so that the coil can resonate at
.
We note from (6) that, to further improve the
of the STC
antenna
should be increased above 1. But, an increment of
(becomes a multi-turn coil) causes unacceptable reduction
in BW due to the increased . Hence, a design whose method
can enhance
while maintaining equal to that of the STC
antenna,
, is needed. We showed in [19], that the use of finite spacing between two adjacent turns is an attractive approach to improve without compromising . We hereby propose Distributed-Turns coil antennas in Sections II-C and III,
that overcomes previous works on coil designs by enhancing
without compromising .
C. Distributed-Turns Coil Design
A derivative of a DTC antenna is now presented. A typical
DTC is expressed by a radius vector
and
is the radius of
turn, Fig. 2. The DTC designs have a number

-factor as a function of

;

.

of turns
, hence, appropriate to improve over the STC
antenna, Section II-B. In this section, the claim is demonstrated
and corroborated by a skilled analysis and fair comparison of a
number of DTC antennas. The analysis aptitude is mainly given
by
and the spacing between the turns possible for an improved coil antenna with an unconstrained .
Earlier, the authors in [19] have reported an antenna using
equal spacing
between two adjacent turns, so the
turn
radius is given by
; using equal , a UDTC
antenna is presented in Fig. 2(b). It will be shown that the UDTC
provides an improved with an unconstrained over the STC;
this only occurs when
and designs with
are
nevertheless limited by fabrication.
For the demonstration, the responses of the resulting antennas
are predicted, the UDTCs are compared to the STC and the preliminary results presented in Fig. 3. For the comparison, the
variation of for certain
to 5 UDTC designs with uniform
spacing is used. The respective Q-factors for each of
the corresponding coils are calculated using (10) and (11) in (1)
and with the following assumptions:
, the section
of the wire
mm , and
,
[26]). Results, Fig. 3, indicate that at low , the
is higher
for each of the UDTC designs than for the STC (represented by
). Although, for
, can be decreased to match
(at optimum
and
), for
, does not match
and therefore an unconstrained solution is no longer possible. Note that, contradictorily, designs having
can not
be designated as UDTCs since they are only made of two turns
and hence of a single .
Concluding, the UDTC antenna of Fig. 2(a) overcomes the
STC design, Fig. 2(a), and showed, Fig. 3, a non-compromised
Q-factor for
and 3. Earlier reported,
is related to
and only
and
can play a part. This is perceived
as a limitation for the UDTC design since a higher
can not
be accomplished. Furthermore, the uniform spacing does not
allow for maximum exploitation of the turns and to enhance
a non-uniform spacing is proposed. We hereby present a derived
coil antenna design whose internal turns can be rearranged and
successfully exploited towards a higher . Subsequently, this
novel antenna is termed non-uniformly distributed-turns coil
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(NDTC) and presented next. The final NDTC design will be
shown to have advantage of maximum possible enhanced
with unconstrained .

are functions of . Therefore, substituting
and
in (1),
provides
which is a function of (thereby,
and
)
are used interchangeably).
A. Optimization Formulation

III. PROPOSED NON-UNIFORMLY DISTRIBUTED-TURNS
COIL DESIGN
In this section, the design of an NDTC antenna is presented.
As with the UDTC, the NDTC antenna, shown in Fig. 2(c),
is made of
number of turns given by a radius vector
, and a constant current . To optimally design
the NDTC antenna, we assume a predefined Tag at a distance
. The optimization is performed by maximizing the of the
antenna while maintaining the Q-factor of the proposed antenna
unconstrained. The necessary analytical formulation for the optimization is presented next and subsequently detailed.
1)
Formulation: The total expected H-field for a typical
multi-turn coil antenna (e.g., DTC) at a distance
from the
center of the coil is given by the sum of the H-fields produced
by each of the turns [12], and is expressed as

In this Section, the necessary formulation for the optimization of the NDTC antenna design is presented. In Section II-B.1,
the optimum radius of the coil antennas presented in Fig. 2,
was given as
. In the case of NDTC, the radius of
each turn, , that encompasses the antenna design must satisfy
. For fare comparisons, the current of
the NDTC antenna is equal to that of the STC
. For the optimization of the NDTC, we find an optimum radius, , for every
turn
to
(optimum vector ) that maximizes
with unconstrained Q-factor (
for this purpose). The analytical
design procedure is proposed subsequently and the optimization
problem (finds best solution) is formulated as

(12)

(7)
Formulation: The Q-factor of the NDTC antenna is
2)
hereby introduced as , and is obtained from (1) using
and
, the inductance and the resistance of the NDTC antenna, respectively. The inductance
of a multi-turn coil antenna (e.g.,
NDTC) with
turns is obtained as the sum of the self-inductances of individual turns and the mutual inductances between
them [20]. For a single turn of radius , the self-inductance, ,
is calculated as

is given by (7) and
where
tuting (1) by
(10) and

(13)
The Lagrangian,
written as

, of the optimization problem (12) can be
(14)

(8)
where
is the section of the wire. And, the mutual inductance, , between two turns having radius and
is calculated as

is obtained by substi(11) and fully expressed as

where is the multiplier. Subsequently, for the maximization, the partial differential equations and related partial derivatives of (w. r. t. and ) are equated to zero

(9)
, and
and
are the
where
and
kind respectively
complete elliptic integrals of the
[20]. Hence, using (8) and (9),
is given by
(10)
where
is one for
and zero otherwise. The resistance
of the multi-turn coil antenna depends mainly on the conductor
length (the total length of the turns) and an approximate value
is given by [23] as
(11)
where
notice that,

and

is the conductivity of copper. We
in (10) and (11), respectively,

(15)
to
) of the optimum radius
where, the variables (
vector can be obtained and satisfy the
non linear equations. Because unfortunately, (15) evolves complex nonlinear
equations, as a consequence, a close form analytical solution is
hard to obtain. We therefore propose the following computational algorithm, for the solution, next.
Algorithm for the Optimum
A computational algorithm for the fine solution of (12) is
hereby proposed and presented in Table I. In essence, it initializes with
,
, and
. In each
iteration, the turn radii is decreased by a step size (we assumed
a minimum possible separation, , between adjacent turns due
to fabrication limits), and
and
are computed iteratively
until
and
is maximized; this will result in a final
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TABLE I
COMPUTATIONAL ALGORITHM FOR OPTIMUM

coil which has distributed turns arranged computationally for
the highest possible and unconstrained .
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TABLE II
ANALYTICAL RESULTS OF H-FIELD ENHANCEMENT
OPTIMAL NDTC ANTENNA DESIGNS

Fig. 4. Optimal NDTC antennas for various
;
.

;

FOR

;

IV. RESULTS
The proposed Algorithm and the presented formulation-study
is now validated. For the validation, we compare the results
of the STC and the NDTC antennas obtained analytically with
those from an Electromagnetic Solver commonly used for Antenna modeling and analysis. In addition, we provide analytical
results comparison between the UDTC and the NDTC antennas
to claim the latter as the leading design.
A. Analytical Results
The analytical study was carried out using MATLAB; other
mathematics-based simulators can be used. The following criteria for the development of the NDTC antenna compared to
the STC:
,
,
(
, [26]),
and
(rms
value specified in ISO-14443 [4]) led to
A using (6).
Initial results are given in Table II which shows an STC antenna
of
; this value is sufficient for reliable data transfer
[23]. The related of the STC antenna is also provided.
We now use the algorithm of Table I to find optimum for
various values of
in the NDTC design. The respective responses are given in Table II and the final prototypes showing
their computed radius vector
presented in
Fig. 4. Table II shows how the final NDTC designs achieve an
improved and unconstrained as compared to the STC design. The STC antenna (
and
) is provided

for the comparison purpose. In essence, a significant enhancement of 72.47% (in the H-field) for just one turn increment,
, is reported in Table II and this enhancement is shown
to increase for higher values of . Results for the UDTC design are also included. When the UDTC and the NDTC designs
both are
, present identical
performance; this is because with only two turns the radiating elements distribution is
identical in both designs. For
in both the designs, the
NDTC presents a small but significant 2.76% over the UDTC.
Because designs having
are not viable in UDTCs ( becomes compromised and different than
, Fig. 3) and NDTC
is realizable for
, the final comparison between these two
designs favors the NDTC in a
increase over UDTC.
The latest optimized NDTC design having
reports the
highest
value of 118.33% improvement over the STC and
a significant 19.96% over the UDTC. NDTC designs having
are unfortunately not realizable due to manufacturing
surface-plane limitations for an element projected inside the
area of
(the inner element), Fig. 4. Thereby, we propose
as the best solution for the proposed NDTC antenna design. Concluding remarks from results indicate that the
theoretical analysis presented, positively contributes to a significantly enhanced
antenna design without compromising the
Q-factor; by smartly exploiting the unused (internal) area of a
coil antenna.
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TABLE III
SIMULATED RESULTS OF H-FIELD ENHANCEMENT
OPTIMAL NDTC ANTENNA DESIGNS

REFERENCES
FOR

B. Simulated Results
Simulated results are now presented. Using commercially
available software Zeland IE3D, based on the Method of Moments (MoM), the H-field of the immediately earlier introduced
antenna coils are compared over the STC. For the simulation
we use
and strip width 0.25 mm and strip height
0.2 mm (hence,
). Results are presented
in Table III and reports a NDTC design of
having a
higher
compared to the STC; once again, the STC
antenna is provided for comparison purposes. Earlier reported
in Section IV-A the enhancement increases for higher values
of
to one extend where designs having
are not
realizable. The latest optimized NDTC design having
,
reports the highest
value of 116.23% improvement over
the STC. Concluding simulations (not provided for brevity)
indicated that higher values of
were irrelevant for the
improvement of
due to fabrication limits. By observation,
the results of Table III show fair agreement to those achieved
mathematically in Table II. Thus, validating the Analysis-study
presented in this paper for the delivering of bespoke coil antennas. The difference is accredited to fabrication; the simulated
coils are planar.
In addition, using IE3D, the corresponding values of the
lumped capacitors
and
required for the excitation,
Fig. 1, of the reported antennas, Fig. 2, are given in Table III;
this allowed the antennas resonating at 13.56 MHz. Future
work is proposed using fabricated prototypes with commercially available, cost-effective integrated capacitors
and
and measured results to perceive dissimilarities.
V. CONCLUSION
An NDTC antenna for an enhanced H-field in HF-RFID
applications has been presented. For the H-field improvement,
the number of turns of the radiating element encompassing the
antenna, were increased and arranged optimally with novel
favored non-uniform separation (unequal spacing between the
turns). To validate the new design, a fair comparison was made
to a reference design (STC) having comparable Q-factor. The
proposed NDTC design had unconstrained Q-factor achieved by
optimally arranging and adjusting the number and spacing between the turns, such that the H-field was maximized. The results
were validated mathematically and by simulation and showed
a tailored NDTC design with an improved H-field and unconstrained Q-factor compared to a reference STC antenna design.
The new NDTC design claims a 116.23% higher
compared
to the STC and a significant 19.96% over the UDTC. The fair
agreement between the simulated and the mathematically-based
results validates the Analysis-study presented in this paper.
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